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We have recently pointed out 1 that the common statement in the literature that "intrinsic anomalous Hall conductivity is entirely a Fermi surface property modulo a quantized contribution from filled bands" is incorrect, since it ignores non-quantized Weyl node contribution from filled bands. Vanderbilt, Souza and Haldane (VSH) 2 assert that Weyl node contribution is included in the Fermi surface contribution and our claim stems from a mathematical error in the identification of the Fermi surface contribution. Here we show that no mathematical errors are involved in our claim, and our disagreement is based on physics, namely the fact that Weyl node contribution is associated with Fermi arc edge states and not with bulk states on the Fermi surface. This fact is ignored by VSH.
To understand the nature of our disagreement with VSH, let us consider the following toy model Hamiltonian of a metallic ferromagnet with two Weyl nodes, i.e. the smallest possible number:
where σ are Pauli matrices, describing the two bands that touch at the Weyl nodes and will useh = 1 units everywhere. The index t = 1, 2 labels two distinct Dirac fermions. The "mass term" m 1 (k z ) is such that it changes sign from positive to negative at k z = ±k 0 , which are the Weyl node locations, while mass term m 2 (k z ) is always positive. This is the simplest possible model of the electronic structure of a three-dimensional ferromagnet with Weyl nodes. The eigenvalues and corresponding eigenfunctions of H t are given by
where s = ±. The components of the Berry connection field and the Berry curvature are easily calculated and given by
.
and
Let us take the Fermi energy to be somewhere in the upper s = + bands, i.e. ǫ F > 0. The anomalous Hall conductivity can now be calculated as integral of the Berry curvature over all occupied states. Let us separately consider the contributions of the fully occupied s = − bands and the partially occupied s = + bands. We have
where Θ(x) is the Heaviside step function. The σ − xy contribution, coming from completely filled bands, is precisely what we call the Weyl node contribution. Note that σ + xy is a continuous function of the Fermi energy and cancels the Weyl node contribution σ − xy only in the limit ǫ F → ∞, i.e. when the upper bands are filled.
Let us now focus on the contribution of the unfilled bands, σ + xy . We first note that the circulation of the Berry connection field along a section of the Fermi surface (i.e. the total Berry phase accumulated along this section), corresponding to a specific value of k z , is given by
Note that the last term in Eq. (7) is either equal to 0 or 2π, which is a reflection of a 2π ambiguity of the definition of Berry phase. The essence of VSH's argument is that one can use the above 2π ambiguity of the Berry phase to include the Weyl node contribution σ − xy into the Fermi surface contribution as
By construction, this cancels out σ − xy and everything is now a Fermi surface contribution. While this is formally correct, we see absolutely no physical reason for doing this and instead identify σ
1 which is equivalent to ignoring the second term in Eq. (7). This is just as correct formally as what VSH propose, but in addition is also correct physically. The reason is that the contribution of filled bands σ − xy can not be associated with Fermi surface and instead comes from chiral Fermi arc edge states, as is now well-understood in the context of extensive work on Weyl semimetals.
3, 4 We thus conclude that the criticism of our work by VSH is groundless.
